INTRODUCTION
The vortex method is now commonly used to solve problems at very high Reynolds number for incompressible fluid flows. The method consists in the application of the particle method to the vorticity équation of either the Euler or the Navier-Stokes system. In the inviscid case in two dimensions, the vorticity is convected by the flow at the fluid velocity with no other effect ; the method reduces then to the discrétisation of the vorticity into vorticity éléments and convection of these éléments by the flow.
One of the main interests of the vortex method lies in the fact that very little numerical diffusion is added when compared to other methods such as finite différence or finite element. The method is very well adapted to inviscid flows and the first problem arises with the treatment of viscous term s A first answer was given by A Chonn [4] in terms of a random walk method which is based on the addition of a browman part to the movement of the particles This method is very easy to implement but is noisy and not very accurate, on the other hand it has been possible to extend it to the case of boundary conditions (see C Anderson [1] , J Goodman [9] ) Particle in cell type methods, based on a coupling of the vortex method with a finite différence method, have also been denved (see S Huberson-A Jolles [11] and G H Cottet [5] for example)
A purely deterministic approach was introduced and studied (see S Huberson [10] , G H Cottet-S Mas-Gallic [6] and [7] , P Degond-S Mas-Galhc [8] ) In contrast to the random walk approach, the basic idea of this method is that the vorticity carried by each particle evolves in time in order to take into account the viscous effects For two-dimensional computations of the Navier-Stokes équation we refer to J P Choquin-S Huberson [2] and B Lucquin-Desreux [13] and to J P Choquin-B Lucquin-Desreux [3] for a companson between the deterministic and the random methods (see also A Leonard-G Wmckelmans [12] for computations in three dimensions)
The aim of this paper is to present and analyse a conservative twodimensional extension of the deterministic method to the case of Dinchlet boundary conditions (for one dimensional case see also S Mas-Galhc [16] and B Lucquin-Desreux [14] respectively for non conservative and conservative methods) The basic idea of the method is to add to the usual vorticity an extra term with support in a neighbourhood of the boundary The vorticity création due to the boundary is modelled by an increase of the weights of the existing particles rather than by a création of new particles A boundary intégral équation formulation is used to construct the method, and an auxihary unknown which represents the normal denvative of the vorticity on the boundary is introduced Although the analysis is presented hère m the two dimensional case, it would be analogous in any dimension larger than one Let us notice that it is possible to treat the case of Neumann boundary conditions by the same kind of method and this will be the purpose of a forthcommg work An outline of the paper is as follows We consider a convection-diffusion équation with boundary conditions and we want to solve it by a particle method The first Section is devoted to the study of the continuous problem , we introducé an intégral approximation of Laplace's operator with Dinchlet boundary conditions in which the kernel dépends on a régularisation parameter s and on cut-off functions We prove lts conservation property, then îts consistency with the diffusion model, and îts stabihty under hypotheses on the cut-off functions, examples of which can be found at the end of Section I 2 Finally the convergence of the ïntegro-differential équation solution towards the convection-diffusion équation solution is proved in Theorem 1.1 under a stability condition relating the parameter s to the square root of the viscosity v. The same condition was already appearing in the whole space case except for non négative kernels. In the present case, it seems difficult to avoid this condition on account of the correcting term due to the boundary. However, partial results can be obtained in a non négative case with no stability condition. In Section 2, we introducé the particle method and follow the same outline ; the conservation property of the scheme is verified, then the consistency with the intégral model, the stability and the convergence of the scheme are proved. The error estimate of Theorem II. 1 is similar to the one obtained in the whole space [8] . Let us finally mention that numerical tests have been recently obtained by F. Pépin [18] , with an approach which is very close to the one presented hère. 
I. THE CONTINUOUS PROBLEM
In the case of the whole space, the approximation of the Laplace operator defined in [8] can be interpreted as an approximated intégral représentation of the solution u of :
Following the same idea, we dérive (see [16] ) from the problem
an approximation of the Laplace operator with Dirichlet boundary conditions. We now describe the method in the particular case g = 0, although the analysis could be achieved in the non homogeneous case.
Let u be the solution of the following advection-diffusion problem in the two dimensional half-space, with initial data u 0 and homogeneous Dirichlet boundary condition
where T is a non négative number and a = (a u aq) a vector field such that <i 2 (., 0, . ) = 0.
The function u is approximated by the solution u e of the integro-differential problem
where /l e is an intégral approximation of the Laplace operator with Dirichlet boundary condition. In order to define this operator, we first introducé some notations. Let 17 be a function, we dénote by 17 e the function defined by the usual scaling in two dimensions, that means :
We then introducé a function P17 on I R + , as well as its associated function ) £ , by setting : The problem is now to choose the functions 77, Ç and 0 in such a way that the intégral operator A E is a « good » approximation of A Let us remark that, in the non conservative approach, it is possible to reduce the number of cutoff functions by choosing 0 = 77 ; in the present case, one more degree of freedom is necessary, for the function 0 will be determined, at least « in normal variable », by the conservation relation.
We shall now first examine the conservativity of this approximation, then its consistency and stabihty, and finally its convergence.
The conservativity of the intégral approximation
The exact solution u of (l.l)-(l-3) satisfies the following relation of conservation Remarks : -Notice that we have assumed that the velocity field is tangential to the boundary since this is the case when considering the Navier-Stokes System ; in addition, this hypothesis allows to obtain the stability of the solution of the starting problem (1.1)-(1.3) in terms of initial data, as will be shown in the remark following the theorem 1.1.
In case this condition is not satisfied, the following équation has to be added to (1.5)-(1.6) *,(*!, 0,0 = 0, x x eR, if O2(jc lf 0, 0>0, *E(0, T).
-The function 0 is not entirely defined by the relation (1.13), but only determined in « normal variable », contrarily to the one dimensional case [16] . This function needs only be defined for x 2 < 0, and can be extended by parity to R 2 . -The conservativity does not need any modification in any of the two intégral équations (1.10) or (1.11), contrarily to the one dimensional case, where the boundary intégral équation had to be modified [14] . -Let G be the one dimensional kernel of I -A, that is :
for x= (x u x 2 ) satisfy the hypotheses of lemma LI (with C c = 1 and Pv = G).
The convergence of the partiële approximation of the continuous problem (1.5)-(1.6), (1.9)-(1.11) is obtained under the following assumption
In that case équations (1.10), (1.11) can be simplified, in so far as the auxiliary unknown p is eliminated between these two équations, and the operator A £ is equivalently defined by :
where :
From now on, we therefore suppose condition (1.15) satisfied, although the analysis in the continuous case could be made in the gênerai case.
The consistency of the intégral approximation
We give a first consistency result concerning particular intégral kernels We set
Proof Let us dénote by P v the extension of v in the négative half space defined by 
, and the estimate follows from the results of [8] • Let us now give, in the more gênerai case, an estimate of the consistency error that will be less accurate but sufficient for the convergence of the method PROPOSITION Proof : Let us dénote by Pv the odd extension of v in the négative half space, that means :
It follows that, setting again ƒ (77 ) = I 77 (x) Jx, we have We set x x -y x = sz l9 y 2 = sz 2 , so that :
#0l> -*2) <* Z '
As v ( ., O ) = O, the Taylor we get respectively and Notice that the functions r? (2) and £ C2) are both pièce wise polynomial but that the degree of Ç {T) is increased by 2 with respect to that of 7} (2) . Notice also that the step function does not fulfill the required smoothness assumption. In fact, convergence can be proved under weaker conditions than those assumed hère with a lot more technics (see [19] for example). In the case of the gaussian function we get vol. 26, n° 6, 1992 Let us remark that the functions rj (2) and £ (2) have similar expressions and that if r\ (2) is compactly supported, so is Ç (2) .
The stability of the intégral approximation
We recall the approximation (1.16) of A
with Remark Concerning the non négative case We set
A.»(x) = -, [K'v{x) -I(v)v(x)], e
where the intégral operator K s is defmed by where the constant C only dépends on 17, £ 0, a, T The stability is thus obtained with no stability condition of the type (1 22) Let us finally remark that the previous conditions are satisfied in the particular case 17 = 0 ~ G 2 and £ (2) = G
The convergence of the intégral approximation
Let e E = u -u £ be the error made in the approximation defmed above Tnis error is solution of the integro-differentidl system 
26)
where the constant C does not depend on v In order to obtain estimâtes which do not depend on v, we make use of the positivity of the operator -A rather than of lts smoothing effect Let us prove this resuit in the L 2 case By multiplication of équation (1 1) by u and intégration with respect to x we get We combine these results and find, Application of Gronwall's lemma yields then where the constant C does not depend on v. The previous estimate is based on two essential properties : first the fact that a 2 {., 0, . ) = 0 and secondly the positivity of the operator -A with homogeneous Dirichlet or homogeneous Neumann boundary conditions. Now the first and second derivatives of u satisfy the same type of équation with precisely one of these boundary conditions. The estimate (1.26) can thus be obtained by similar arguments in the case p = 2 and generalized without difficulty to the case p < + oo. The L °° case can be derived from application of the maximum principle.
Otherwise, if the condition a 2 (., 0, . ) = 0 is not fulfilled, we only have :
II. THE DISCRETIZED PROBLEM

II.l. A conservative partiële approximation
The solution u £ of the continuous problem (1.5)-(1.6), (1.16) is approximated by a particle method. At initial time, let a uniform grid of size h be given on IR 2 . We choose a quadrature rule on (0, l) 2 from which we dérive a quadrature rule on each cell of the grid. The whole set of points thus defined constitutes the set of particles centered at x p with weights o) p We dénote by J(t, x, s) the Jacobian of the transformation between the Eulenan coordinates x and the Lagrangian one X (t, x, s). We shall see later that, under s ome hypotheses on a, the time dependent partiales still define a quadrature rule, that means •
Jul
The solution u £ of (1.5)-(1.6), (1.16) is approximated by :
where x 1S a function of intégral 1 over IR 2 , and x e 1S defined by the usual scaling (1.7) m two dimensions. In order to define the coefficients u p (t), we first give a particle approximation of A £ . Accordmg to (1.16), we can wnte
The intégral operator A E is approximated by
vol 26, n° 6, 1992 with the notations : X q {t) = (X l q (t), X*(f))-The coefficients u p (t) are thus solutions of the following differential System
In order to study the conservativity, we first need a particle approximation of the intégral term Q e ( x i* t)dx l . On account of condition (1.12) made JR on £ we have seen in Lemma 1.1 that :
Jm s Jul
Thus we define the desired approximation by : Since 77 is an even function, the first sum is zero, while the second one disappears on account of (2.11). Finally by (2.11), we have :
and relation (2.12) follows then the définition of / h (t)(q e ).
• Remark : From hypotheses (1.12), (1.13) and (2.11) we dérive :
, with G(JC) = exp(-|JC| )/2, still satisfies the whole set of hypotheses.
II.2. The consistency of the partiële approximation
We define the quadrature error at time t by setting :
We suppose that this quadrature rule (2.14) is of order m 5= 1 at initial time, that means that there exists a constant C > 0 such that :
Ux' foran y /^•W)
It is then of easy check to see that, under hypotheses (1.4) and Let us now introducé some notations • we dénote by l n for 1 < r < + oo, the space of séquences v = (v p ) p9 such that £ a) p 
We first remark that, since Ç ^ is compactly supported, included in a sphère of radius R for example, then for x 2 greater than Re, A 2 { ., JC 2 , 0 = 0. Using the previous notations, we have
By (2.18), it follows that ; (^(^.Wl^Cfc^H^feOU^^^, for Ï = 1,2.
We have now to estimate separately these two quantities ; the proof of the first one (corresponding to i -1) is omitted hère, since it mimics that of the second one || <P 2 ( X > • )|| m 1 U 2 an d i s even simpler. Let n = (n ly n 2 ) be an index of dérivation, with \n\ = ni + n 2^m . In order to simplify the notations, we shall dénote, for an index k of dérivation with k = (£ 1; & 2 ), by « k < n » the fact that :
We 
We use the change of variable z x -Xp(t) -y l in the first intégral, which becomes thus independent of X p (t), and get dy, with :
The functions 6 and Ç (2) being compactly supported, the number of terms in the preceding sum is, for any y e R 2 , bounded by C e 2 lh 2 \ moreover, we have Wpi^^Ch 2 , so that :
Using the hypotheses of regularity made on these functions, it foilows that :
vol. 26, n° 6, 1992 and this gives the first part of the estimate of \\7r(t)(Â 2 )( •, t) || . Let us estimate the last term tf/ n .
-l.
-y" -y 2 ) \v(y)-v{X p (t))\dy.
We use a Taylor expansion with intégral remainder and get
Using Hölder's inequality, we obtain :
We do the change of variables in the two intégrais /, n e r~ M r f "
For any z e 0Î+, the functions 0 ^ and ^( 2) being compactly supported, the number of particles contained in the previous sum is bounded by Considering the intégral operator as a bounded operator, we have been able to obtain the whole set of previous results. Unfortunately, they are all based on the assumption that the numerical viscosity is related to the physical viscosity by condition (1.25). Although this constraint is not too drastic, other results, which are based on the positivity of the intégral operator, and for which no condition on the viscosity is needed, can be obtained as well.
